A method was developed to calculate the free energy of 2D materials on substrates and was demonstrated by the system of graphene and γ-graphyne on copper substrate. The method works at least 3 orders faster than state-of-the-art algorithms, and the accuracy was tested by molecular dynamics simulations, showing that the precision for calculations of the internal energy achieves up to 0.03% in a temperature range from 100K to 1300K. As expected, the calculated the free energy of a graphene sheet on Cu (111) or Ni (111) surface in a temperature range up to 3000K is always smaller than the one of a γ-graphyne sheet with the same number of C atoms, which is consistent with the fact that growth of graphene on the substrates is much easier than γ-graphyne.
Introduction
Since graphene was prepared successfully in 2004 [1] , 2-dimensional (2D) materials have developed a wide interest all over the world. Due to the ultrathin thickness at the atomic level, the materials exhibit unique electrical, mechanical and thermal properties, which inspires researchers to explore and discover other more 2D materials. So far, dozens of 2D materials have been prepared experimentally, including graphene family (e.g., graphdiyne [2] , silicene [3] , germanene [4] , BN [5] , borophene [6] , Phosphorene [7] , bismuthene [8] ), transition metal dichalcogenides [9] , metal carbides [10] , and the like, but it yet remains a problem to prepare high quality 2D material with larger sizes. Although a few kinds of 2D materials such as graphene and MoS 2 [11] can be obtained by mechanical exfoliation of the corresponding bulk materials, vapor deposition (VD) such as chemical vapor deposition (CVD) should be much more flexible for preparing various 2D materials of large scale [12] , which can be easily transferred to other substrates. However, this method requires a strict growth condition because the surface structure and the temperature of substrate both have a significantly effect on the growth of 2D materials, and lots of time and effort have to be payed to explore the growth conditions through continuous experiments. For example, deposit of silicon atoms on Ag(001) [13] and Ag(110) [14] surface can only produce Si superstructure or one-dimensional silicene nanoribbons, while a continuous film of honeycomb structure, silicene [3, 15] In previous theoretical exploration, the interaction potential energy between 2D materials and substrates were calculated to see effects of the surface structures on formation of 2D materials. For example, for the growth of graphyne, Crljen et al. studied the adsorption energy of graphyne on Cu (111), Ni (111) and Co (0001) surfaces [16] , Ding et al. studied the geometric structure of carbyne on various transition metal surfaces through the formation energy [17] , and Yang et al. investigated the interfacial structural of graphdiyne on Cu (111) surface through bidding energy [18] .
These work provides useful information on the effect of substrates, while it can't take into account the effects of temperature. [19] , umbrella sampling [20] , metadynamics [21] , Wang-Landau sampling [22] , and Nested sampling [23, 24] , an algorithm of Nested sampling (ANS) developed by [24] may be state of the art and can produce the PF for condensed system composed of hundreds of atom if empirical pairwise potential is applied for the interaction of atoms. In the algorithm of ANS, all the atoms in the system should be moved artificially in real space so as to produce enough configurations (usually more than 10 4 ) to produce reliable PF. When the algorithm is applied to calculate the PF of a given 2D material, such as a graphene sheet with perfect hexagons structure, artificially moving the C atoms in real space may produce structures approaching to the ones of graphyne or others, so the final obtained PF may not related uniquely with the graphene sheet. Clearly, artificial constrains must be applied to moving the atoms so as the produced molecular configurations are closely related to the structure of the given 2D materials, which will result in large uncertainty of the PF. In such case, the difference of the free energy derived from the PF between two different 2D structures will depend too much on the artificial constrains, leading to failure of the free energy criterion for predicting which 2D structure should be more favorable.
In the present work, a direct integral approaches [25] temperature range of 0-3000K, which is in agreement with the fact that growth of graphene under such conditions is much easier than γ-graphyne.
theoretical method
The model for a 2D materials on a substrate is shown in Fig.1 , where the substrate of M atoms is treated as a thermal bath at temperature T. For calculations of the PF for the 2D materials of N atoms, the total potential is expressed as
where 2 is the potential energy of the 2D material with the coordinates of the atoms denoted by The PF of 2D materials can be expressed as,
where β = 1/ with k B the Boltzmann factor, and Q is the configurational integral
In order to solve the Q integral of 3N-folds, the sense of integral is 
Clearly,
) is positive definite within all the integral domain and has minimum at to the origin ( ′ (0, 3 ) = 0). According to Eq. (5), the integral in Eq. (7) equals to an effective 3N-dimensional volume,
where the effective length on the ith degree of freedom is defined as
In this way, the 3N-fold integral turns into one-fold integral.
For homogeneous 3D materials with one component, such as one component crystals, the effective length of an arbitrary atom in one degree of freedom (such as ) may be the same as the other two ( and ) and equates to the ones of other atoms. For a 2D material sheet on substrate ( Fig.1) , however, the effective length might be different from or , and the edged atoms ( 1 ) should have different effective lengths from the ones of the atoms ( 2 ) in the center region. In such case, Eq. (8) turns into,
To obtain the effective lengths, the first step is to find the most stable structure of the 2D materials with the lowest potential 0 , which can be accomplished by a dynamic damping method [27, 28] . Starting from the most stable structure, one atom in the center region (or in the edged region) 
Applying to carbon 2D materials
The approach developed in the last section was demonstrated by calculating the PF for a piece of graphene ( Fig. 2(a) ) or γ-graphyne ( The system was cooled below 0.01K by a damping method [30] to determine the lowest energy 0 and the most stable structure. According to the configuration, the C atoms can be grouped as center or edged atoms, and for each of the atom with different surroundings one of its coordinate (such as ′ ) was changed step by step with an interval of 0.001 Å while its ′ and ′ coordinates and all other atoms were kept fixed to record the
), as shown in Fig. 2 (b) and (d) for graphene and γ-graphyne, respectively. The ′ for the center atom is indeed different from that for the edged atoms, and for the same atom, the ′ along one coordinate axis is also different from the other two, so the configuration integral was conducted by As for the calculation efficiency of our method, we would like to compare it with the ANS [24] assumed to be applicable to 2D materials.
Usually, ANS must run at least one thousand steps to produce the partitions of the total potential energy, and in each step more than 3 × 10 configurations should be randomly produced for calculating the total potential energy, i.e., the times of the energy calculation is more than 3 × 10 7 . Using our method, the times of the energy calculations is only 1.8× 10 4 , implying that it works at least 1000 times faster than the ANS. Applying = − T ln ,the free energy of graphene and γ-graphyne on Cu (111) was calculated ( Fig. 4(a) ), showing that the free energy of graphene is always smaller than the one of γ-graphyne in the temperature range from 0 to 3000K. The difference at 0K, 324 eV, decreases gradually down to 267 eV with the temperature up to 3000K, indicating that graphene should be more easily grown than γ-graphyne on Cu (111) surface via deposition of C atoms. We also calculated the free energy on Ni (111) surface (Fig. 4(b) ) using the same method and found that graphene still owns free energy smaller than γ-graphyne although the difference at 0K, 319 eV gets gradually small with the temperatures. These results are consistent with previous experimental observations [31, 32] .
Summary
In summary, an approach was developed to calculate the free energy (or partition function) of 2D material on substrate and was validated by MD simulations. The approach works at least 3 orders faster than ANS method and lays a solid foundation to precisely predict the thermodynamic properties and optimal growth conditions for novel 2D materials.
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